










































Chern-Simons terms in Noncommutative Geometry
and its application to Bilayer Quantum Hall
Systems
Varghese John, Nguyen Ai Viet

and Kameshwar C. Wali
Physics Department, Syracuse University
Syracuse , NY 13244-1130, USA.
y
Abstract
Considering bilayer systems as extensions of the planar ones by an internal
space of two discrete points, we use the ideas of Noncommutative Geometry to
construct the gauge theories for these systems. After integrating over the dis-
crete space we nd an eective 2 + 1 action involving an extra complex scalar
eld, which can be interpreted as arising from the tunneling between the lay-
ers. The gauge elds are found in dierent phases corresponding to the dierent
correlations due to the Coulomb interaction between the layers. In a particular
phase, when the radial part of the complex scalar eld is a constant, we recover
the Wen-Zee model [1] of Bilayer Quantum Hall systems. There are some cir-
cumstances, where this radial part may become dynamical and cause dissipation
in the oscillating supercurrent between the layers.
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1 Introduction
The geometry of a bilayer system can be considered as an extension of the 2+1 dimen-
sional space-time manifold M by an internal discrete space of two elements indexing
the layers. The purpose of this paper is to consider the possibility of applying the ideas
of Noncommutative Geometry (NCG) developed recently by Connes [2] to study such
multi-layer structures.
As a particular case of NCG, the Connes-Lott model [3] describes two copies of space
time. Particles with dierent chiralities are assumed to exist on two dierent abstract
sheets. The connection between the sheets is mediated by the Higgs elds, which trigger
spontaneous symmetry breaking to give a mass to the gauge elds. This formalism can
also be applied to two sheeted structures which are not necessarily of dierent chiralities
to construct a discretized version of Kaluza-Klein theories [4], where the fth direction
consists of two discrete points. Although NCG is a beautiful building kit for physical
models, the main objection against NCG is that it lacks a microscopic foundation.
While it has been claimed that NCG describes a kind of \quantum geometry", the
models derived from it are essentially classical. Also in many situations there are no
physical guidelines to dene the basic notions.
It is a natural question to ask whether this machinery can be applied to the bilayer
systems where there are two realistic sheets. This activity serves a dual purpose. On
one hand, it allows us to use advanced mathematical tools to describe the bilayer sys-
tems which have attracted a lot of interest in recent times [1, 5, 6]. On the other hand,
such studies of realistic and experimentally testable systems enable us to understand
the origin of NCG in physics and verify its predictions. In doing this we might under-
stand how to generalize physical concepts from conventional theories to NCG. One of
the results of this paper is to show how to obtain the ordinary Chern-Simons terms in
the context of NCG.
2 Noncommutative Geometric Formulation of
Gauge theories in Bilayer Quantum Hall Systems
Following Connes and Lott [3] we invoke the idea of NCG to study the correlations
between two layers. Although this model has been applied to the abstract \layers" of
right- and left-handed particles in the Standard Model, it is straightforward to translate
it to the case of two realistic layers. We use a formalism [4] which is more transparent
to the physicists.
















(i = 1; 2) are the Hilbert spaces associated to the electrons on the I'th layer.
The algebra of smooth functions C
1









































( = 0; 1; 2) is generalized to







































































m is a parameter with dimension of mass and  is an anti-hermitian Cliord operator.
Here D
3
is a derivative in the following sense:
1) D
3
F resembles the derivative
F
l
where l is the distance between the two layers
(m
 1























































































is an 1-form on the I'th layer. In the generalized 1-form in Eq.(2.6),
besides the ordinary gauge elds on the two layers we also obtain a new complex scalar.
To dene the eld strength 2-form and the higher forms, we need a denition of the
wedge product. It turns out that for a description of Bilayer Quantum Hall systems



























Let us mention that, as an alternative, another wedge product has been used in [4] for gravity in
NCG
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In particular, the eld strength 2-form 
 can be dened as follows



































































































However, as the gauge elds are abelian, the eld strength 2-form 
















































































=  m (+ 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) 1: (2.11)
2.1 The Chern-Simons terms :








































discrete analogue of the integration over the internal space. It turns out that the
denition of the eld strength in Eq.(2.8) is not relevant for a description of Bilayer
Quantum Hall systems. So, hereafter we use the eld strength dened in Eq.(2.10).




























































































) + h:c: (2.13)
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(I = 1; 2) is the coupling constant on the I'th layer and G is the the matrix



























































where l, j, n are integers. The requirement that the matrix  should be symmetric




























j , we have two dierent cases:




























































These two phases were found to exist in Bilayer Quantum Hall systems [6] .
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Without violating the physical condition that the coupling constants in dierent lay-
ers should have the same absolute value, we may consider the general case in Eq.(2.14)















































where 0     is the mixing angle of the two phases. The coupling constant matrix
































are automatically excluded because then one of the matrix
elements in Eq.(2.20) is zero and the corresponding Chern-Simons term on one layer
vanishes.
In this paper we will discuss this general case and then specialize to the particular
cases by setting  =  (the in phase) and  = 0 (the out phase) when it becomes
necessary.










1 + sin  cos
 cos 1   sin

(2.22)
As det = 0 one eigenvalue of the matrix  is always zero, while the other is not.
This in turn means that there are two linear combinations of the gauge elds one of
which is topologically massive due to the Chern-Simons term and the other is massless.















The Eq.(2.22) imposes a strong restriction on the mixing angle  as well as on the
lling factor. This condition and its physical interpretation will be discussed in [8].




















is smooth this term is a surface term and can be neglected.
Thus we obtain a model that represents a Bilayer Quantum Hall system without




physical meaning of the massless mode is the following: When two layers are close
5
enough the Coulomb interaction between them is strong. It is possible to have a
correlated uctuation of the densities of the two layers which costs no energy. This
corresponds to the massless mode.
2.2 The Maxwell term :
We now consider the eect of adding a Maxwell term to this analysis. As in the




























































> = 1 (2.25)




















It is straightforward to calculate the Maxwell term (2.26) with the denition of the

















































































is the gauge eld strength on the I'th layer.
Let us represent the complex eld  as '(x)e
i(x)
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In order to compare with the results of Wen and Zee [1] we specialize to the case





















































































. The Maxwell-Chern Simons terms in Eq.(2.30) describe the Hall
uids in the two layers in the absence of tunneling. Tunneling between the two layers
gives rise to non-conservation of the current J
 
which indicates the existence of a
monopole. A weakly interacting monopole gas [9] can be represented by a scalar eld
(x) with a sine-Gordon interaction. If (x) is a non-singular eld then the third term
can be written as a surface term and does not contribute to dynamics. The fourth term
is an explicit mass term for gauge eld 
+
. Together with the Chern-Simons term
it gives rise to two non-vanishing poles for the propagator of the gauge eld 
+
[10].
The last term represents a coupling between the elds 
+
and (x). That is to say,
the Quantum Hall Fluid described by 
+
(x) aects the tunneling processes between
two layers in our model. Such an eect has not been discussed in [1]. It is not clear to
us why an interaction between these two elds does not exist.
Now we discuss the origin of the eld '(x) and the situation when '(x) becomes
dynamical. It seems natural to expect that monopoles are described by a complex
scalar eld as they carry a non-trivial charge. However, only the angular part of this
eld has been used in the Coulomb gas description. Because such a discussion may
go beyond the scope of this paper, we give some heuristic arguments to show that the
radial eld may be relevant in actual physical situations. By coupling the complex





. Thus, the assumption that '(x) = '
0
= constant is equivalent to
an assumption of constant charge density. Once the eld ' is no longer frozen to a
constant, the density can in general be position dependent. This can be seen from the










which now acquires a position dependence.
In the classical analysis of Polyakov [9] the interaction of monopoles was assumed
to be weak, and the uctuations in the density of monopoles could be neglected. So the
fugacity could be considered constant. But this is not the most general situation. In
7
Bilayer Quantum Hall Systems the position dependence could also originate from the
fact that there are inhomogeneities in the system. This can arise from the impurities in
the bilayer samples or from polarization eects when a voltage is applied to the edges
of the samples. Wen and Zee have also observed that an edge eect would lead to a
position dependent fugacity. From our picture, we can conclude that the eld '(x)
may be important near the edges due to the presence of inhomogeneities.
In the case of constant fugacity, as a consequence of the potential cos(x), Wen
and Zee have been able to derive a dissipationless oscillation between the two layers,
whose frequency is determined by a dc voltage applied across the two layers. This cur-
rent resembles the Josephson current in the superconductor-insulator-superconductor
junction. However, by the arguments given above we believe that there are actual
physical situations where the eld '(x) is dynamical. In that case, the eld '(x) will
cause dissipation in the oscillating periodic current. This dissipation may explain the
diculty in observing the oscillating current predicted by theory.
3 Conclusion
We now summarize the results of our paper and state our conclusions. In this paper we
have formulated the Chern-Simons-Maxwell theory for Bilayer Quantum Hall Systems
using a NCG approach [4]
x
. The ordinary Chern-Simons terms, which describe the
long-distance physics of the Quantum Hall uid cannot be found in a generalized
Chern-Simons term [12], but rather in a generalized Chern-Pontryagin term. This
term leads to a model, where one combination of the gauge elds remains massless
corresponding to the strong correlation between electrons on dierent layers. Beside
the in phase and out phase, the NCG construction allows a general phase, which can be
considered as mixing of these two phases. In our generalized Maxwell term the extra
complex scalar eld in the generalized hermitian gauge connection 1-form becomes
dynamical and describes the tunneling between the layers. As a particular case of
our construction, the in phase case leads to a model which is very similar to the one
used by Wen and Zee [1] to study tunneling eects in Bilayer Quantum Hall systems.
Additionally, we also nd a new interaction term between the elds 
+
(x) and (x)
and an explicit mass term of 
+
(x). The physical origin of these terms is not obvious
and may require further study.
However, at this point we can conclude that the NCG formalism we have presented
gives us a coherent description of the physics of bilayer systems. This model suggests
new features which have to be studied. Our studies with a particular physical model
demonstrate that in NCG the scalar part of the gauge elds in fact has its origin from
some quantum processes like the tunneling between the two layers in the case we have
x
At this point we would like to mention that an earlier attempt was made by Bellisard, who has ap-
plied NCG to the single-layer Quantum Hall system exploiting the fact that there is a noncommutative
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